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Motivation

Solve an inverse scattering problem for the detection of defects in periodic structures.

Applications:
• the non-destructive testing of photonic structures
• nanostructures
• optical fibers...

Figure: Illustration of a (a) 1D, (b) 2D, and
(c) 3D photonic crystal structure Figure: examples of periodic nanostructure

These photos are from Guldi, D. M., and Sgobba (2011), and S. Robinson and R. Nakkeeran (2013).
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Model problem
Consider an infinite periodic layer with a local perturbation

Inverse problem: From the measurements of scattered waves at a fixed frequency we
identify :

• the periodic domain and the defect
• only the periodic domain
• only the perturbation
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Motivation

• In the literature it is frequently assumed that the periodic background is known.

For some applications, this information is not available !
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Motivation

• In the literature it is frequently assumed that the periodic background is known.

For some applications, this information is not available !

>> We assume that we do not know the shape of the periodic pattern, but we do
know the periodicity length.
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• Inverse problem for the identification of the defect without the knowledge of the
periodic background.

H. Haddar and T.P. Nguyen. Sampling methods for reconstructing the geometry of a
local perturbation in unknown periodic layers. Computers Mathematics with
Applications, 74(11), 2831-2855, (2017).

• Assumption: The defect is distributed periodically with a longer period.

» Objective: Get rid of this assumption.
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Description of the domain

Let U0 be the upper half-space R× R+ in R2. We set ΩR := R× [0,R] the band
delimited by Γ0 := R× {0} and ΓR := R× {R}, with R > R0 > 0.

• Dp is a 2π-periodic unbounded domain included in ΩR .
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Description of the domain

Let U0 be the upper half-space R× R+ in R2. We set ΩR := R× [0,R] the band
delimited by Γ0 := R× {0} and ΓR := R× {R}, with R > R0 > 0.

• Dp is a 2π-periodic unbounded domain included in ΩR .
• np(·, x2) is the 2π-periodic refractive index such that np = 1 outside Dp .

• D̃ is a bounded perturbation included in ΩR
0 := [0, 2π]× [0,R].

• n ∈ L∞(U0) is the perturbed refractive index verifying n = np outside D̃.
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Setting of the direct problem

Consider an incident field v ∈ L2(D), the locally perturbed periodic direct scattering
problem is formulated as: seek a scattered field w ∈ H2

loc (ΩR) verifying

(P)

{
∆w + k2nw = k2(1− n)v in ΩR ,
w = 0 on Γ0,

+ upper going radiation condition.

(A1): Assume that the set {Im(np) > 0} is not empty and contains an open subset
O and Im(n − np) ≥ 0.

A. Konschin and A. Lechleiter. Reconstruction of a local perturbation in
inhomogeneous periodic layers from partial near field measurements. Inverse Problems,
35(11), 114006, (2019).
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Definition
A function u is called ξ-quasi-periodic with period 2π for some ξ ∈ R if it verifies

u(x1 + 2πj , x2) = e i2πξ·ju(x1, x2), ∀ j ∈ Z.

• L2
ξ(ΩR) denotes the set of ξ-quasi periodic functions in L2

loc (ΩR).

• Hm
ξ (ΩR) denotes the set of ξ-quasi periodic functions in Hm

loc (ΩR), for m ≥ 1.

Definition
For φ ∈ C∞0 (U0), the one dimensional Floquet-Bloch transform J is defined as

Jφ(ξ, x1, x2) =
∑
j∈Z

φ(x1 + 2πj , x2)e−i2πξ·j , ξ ∈ I := [0, 1], (x1, x2) ∈ U0.

• J is an isomorphism between:

• Hs (ΩR ) and L2(I ,Hs
ξ(ΩR

0 ))

• Hs (ΓR ) and L2(I ,Hs
ξ(ΓR

0 ))
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• For 0 ≤ α < 1, we denote by

C0,α
] (I ,Hs

ξ(ΩR
0 )) := {ϕ ∈ L2(I ,Hs

ξ(ΩR
0 )); e−iξ·x1ϕ ∈ C0,α

] (I ,Hs
](ΩR

0 ))}.

the space of periodic and α Hölderian functions on I with values in Hs
ξ(ΩR

0 ).

• We set

H̃s,α(ΩR) :=
{
u ∈ Hs(ΩR)/Ju ∈ C0,α

] (I ,Hs
ξ(ΩR

0 ))
}
,

H̃s,α(ΓR) :=
{
u ∈ Hs(ΓR)/Ju ∈ C0,α

] (I ,Hs
ξ(ΓR

0 ))
}
.

Theorem
Assume that (A1) holds and that v ∈ L̃2,α(ΩR) for 0 ≤ α < 1. Then the solution
w ∈ H2

loc (ΩR) of problem (P) belongs to H̃1,α(ΩR) and

‖w‖H̃1,α(ΩR ) ≤ c(‖v‖L̃2,α(Dp) + ‖v‖L2(D̃))

with c independent from v .
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For fixed ξ0 ∈ I ,
• We consider by Φξ0 (x , y) := (JΦ(·, y))(ξ0, x) the ξ0-quasi-periodic Green
function, where Φ(·, y) is the fundamental solution of the homogeneous problem
associated with (P).

• We consider the incident field
vξ0 := Φξ0 (·, y) ∈ L2

ξ0
(D) := {v ∈ L2

loc (D)/ v |Dp ∈ L2
ξ0

(Dp)}.
• we rewrite the solution of (P) associated with vξ0as

wξ0 := wp
ξ0

+ w̃ξ0 , (3.1)

with wp
ξ0
∈ H1

ξ0
(ΩR

0 ) verifying

(P1)


∆wp

ξ0
+ k2npw

p
ξ0

= k2(1− np)vξ0 in ΩR ,

wp
ξ0

= 0 on ΓR
0 ,

∂w
p
ξ0

∂x2
(·,R) = TR

ξ (wp
ξ0
|ΓR0 ) on ΓR

0 ,

and w̃ξ0 ∈ H̃1(ΩR) satisfying

(P2)


∆w̃ξ0 + k2nw̃ξ0 = k2(np − n)(vξ0 + wp

ξ0
) in ΩR ,

w̃ξ0 = 0 on Γ0,
∂w̃ξ0
∂x2

(·,R) = TR(w̃ξ0 |ΓR ) on ΓR .
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First Goal:

• We apply ξ0-quasi-periodic incident fields generated by point sources :

We measure (wp
ξ0

+ J(w̃ξ0 )(ξ0, ·))|ΓR0
identify
=⇒ D ∩ ΩR

0 =: Dp
0 ∪ D̃,

using the generalized Linear Sampling Method (GLSM).
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Sampling methods principle

• non-iterative quick methods that do not use the linearization assumption.
• Require a large number of data (many transmitters-receivers).

Principle: Associate with a sampling point z of the probed domain a criterion G(z)
that indicates whether z in the interior or the exterior of the scatterer.

The computation of G must be quick !
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Description of the quasi-periodic Near field operator

Fix ξ0 ∈ I , We define the ξ0-quasi periodic near field operator
Nξ0 : L2

ξ0
(ΓR) −→ L2

ξ0
(ΓR) as

Nξ0gξ0 (x) :=

∫
ΓR0

gξ0 (y)us,pξ0 (x , y)ds(y)︸ ︷︷ ︸
N
p
ξ0

gξ0 (x)

+

∫
ΓR0

gξ0 (y)J(ũsξ0 (·, y))(ξ0, x)ds(y)︸ ︷︷ ︸
Ñ
p
ξ0

gξ0 (x)

with Np
ξ0
, Ñp
ξ0

: L2
ξ0

(ΓR) −→ L2
ξ0

(ΓR) and

usξ0 = us,pξ0 + ũsξ0 ,

is the solution of (3.1), us,pξ0 ∈ H1
ξ0

(ΩR
0 ) solution of (P1), ũsξ0 ∈ H̃1(ΩR) is solution of

(P2) associated with the incident field vξ0 := Φξ0 (y , ·) ∈ L2
ξ0

(D).
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First factorization of the Near field operator

• Nξ0 can be factorized as

Nξ0 = Gξ0 (Sξ0 ),

where Sξ0 : L2
ξ0

(ΓR) −→ L2
ξ0

(D) is given as

Sξ0gξ0 (x) :=

∫
ΓR0

gξ0 (y)Φξ0 (y , x)ds(y),

and Gξ0 : L2
ξ0

(D) −→ L2
ξ0

(ΓR) is the operator defined by

Gξ0 (vξ0 ) = (wp
ξ0

+ w̃p
ξ0

)|ΓR0 , (3.2)

with wp
ξ0

being the solution of (P1) and w̃p
ξ0

= J(w̃ξ0 )(ξ0, ·) with w̃ξ0 is the solution
of (P2).
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Second factorization of the near filed operator

• Nξ0 = Np
ξ0

+ Ñp
ξ0

can be factorized as

Nξ0 = S∗ξ0Tξ0Sξ0

with Tξ0 : L2
ξ0

(D) −→ L2
ξ0

(D) is defined by

Tξ0 (vξ0 ) = T p
ξ0

(vξ0 |Dp ) + T̃ p
ξ0

(vξ0 )

with T p
ξ0

: L2
ξ0

(Dp) −→ L2
ξ0

(Dp) and T̃ p
ξ0

: L2
ξ0

(D) −→ L2
ξ0

(D) are respectively
defined by

T p
ξ0
vξ0 = k2(1− np)(vξ0 + wp

ξ0
),

T̃ p
ξ0
vξ0 = k2(1− np)w̃p

ξ0
+ k2(np − n)(wp

ξ0
+ vξ0 + w̃ξ0 ),

where wp
ξ0

being the solution of (3.2) and w̃p
ξ0

= J(w̃ξ0 )(ξ0, ·) with w̃ξ0 is the solution
of (3.2).
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Key properties for the application of the GLSM

Consider the following two Interior Transmission Problems (ITP).
(ITP1): Seek (u, v) ∈ L2

ξ0
(Dp)× L2

ξ0
(Dp) such that (u − v) ∈ H2

ξ0
(Dp) satisfying

∆u + k2npu = 0 in Dp
0 ,

∆v + k2v = 0 in Dp
0 ,

u − v = ϕ on ∂Dp
0 ,

∂(u−v)
∂ν

= ψ on ∂Dp
0 ,

(3.3)

for given (ϕ,ψ) ∈ H
3/2
ξ0

(∂Dp)× H
1/2
ξ0

(∂Dp).

(ITP2): Seek (u, v) ∈ L2(D̃)× L2(D̃) such that (u − v) ∈ H2(D̃) satisfying
∆u + k2nu = 0 in D̃,

∆v + k2v = 0 in D̃,

u − v = ϕ on ∂D̃,
∂(u−v)
∂ν

= ψ on ∂D̃,

(3.4)

for given (ϕ,ψ) ∈ H3/2(∂D̃)× H1/2(∂D̃).
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Key properties for the application of the GLSM

Lemma 1
The operator Sξ0 : L2

ξ0
(ΓR) −→ L2

ξ0
(D) is injective. The closure of its range is

H inc
ξ0 (D) := {v ∈ L2

ξ0 (D), ∆v + k2v = 0 in D}. (3.5)

Lemma 2
Assume that (A1) holds, (ITP1) and (ITP2) are well posed. Assume in addition that
Dp

0 ∩ D̃ = ∅. Then the operator Gξ0 : H inc
ξ0

(D) −→ L2
ξ0

(ΓR) given by (3.2) is
injective with dense range. Moreover, the following holds

(z ∈ D0 = Dp
0 ∪ D̃) ⇐⇒

(
Φξ0 (·, z) ∈ Range(Gξ0 )

)
.
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Key properties for the application of the GLSM

For gξ0 ∈ L2
ξ0

(ΓR), we define the norm

Iξ0gξ0 :=
∣∣∣(Np

ξ0
gξ0 , gξ0 )L2(ΓR0 )

∣∣∣+
∣∣∣(Ñp

ξ0
gξ0 , gξ0 )L2(ΓR0 )

∣∣∣ for gξ0 ∈ L2
ξ0 (ΓR).

Lemma 3
Assume that (A1) holds and (ITP2) is well posed. Assume in addition that
<e(1− np) ≥ γ > 0 in Dp and <e(np − n) ≥ γ1 > 0 in D̃ or <e(1− np) ≤ −γ < 0 in
Dp and <e(np − n) ≤ −γ1 < 0. Then

Iξ0gξ0 ∼
(
‖Sξ0gξ0‖

2
L2(D

p
0)

+ ‖Sξ0gξ0‖
2
L2(D̃)

)
∀ gξ0 ∈ L2

ξ0 (ΓR).
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Main Theorem
For fixed ξ0 ∈ I , introducing the functional Jαξ0 : L2

ξ0
(ΓR) −→ R given as

Jαξ0 (φ; gξ0 ) = αIξ0 (gξ0 ) + ‖(Np
ξ0

+ Ñξ0 )gξ0 − φ‖
2,

We denote by
jαξ0 (φ) = inf

gξ0∈L
2
ξ0

(ΓR )
Jαξ0 (φ; gξ0 ).

Moreover, let c(α) > 0 verifying c(α)
α
→ 0 as α→ 0.

Theorem
Assume that (A1) holds, (ITP1) and (ITP2) are well posed. Assume in addition that
the hypothesis of Lemma 3 hold. Consider z ∈ ΩR , and let gαξ0 ∈ L2

ξ0
(ΓR) such that

Jαξ0 (Φξ0 (·, z), gαξ0 (z)) ≤ jαξ0 (Φξ0 (·, z)) + c(α),

then
z ∈ D0 = Dp

0 ∪ D̃ ⇐⇒ lim
α→0

Iξ0 (gαξ0 (z)) <∞.

L. Audibert and H. Haddar. A generalized formulation of the linear sampling method with exact

characterization of targets in terms of farfield measurements. Inverse Problems, (2014).
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Second Goal:

We consider incident fields v ∈ L̃2(D)

Measuring w |ΓR solution of (P)
identify
=⇒ D = Dp ∪ D̃,

using the generalized Linear Sampling Method (GLSM).
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The near field operator and its factorization

• We introduce the near field operator N : L̃2(ΓR)→ L̃2(ΓR) as

Ng(x) =

∫
ΓR

us(x , y)g(y)ds(y).

with us(·, y) being the scattered field solution of (P) with v(·, y) = Φ(·, y).

• The operator N can be decomposed as

N = GS ,

with S : L̃2(ΓR) −→ L̃2(D) as

Sg(x) =

∫
ΓR

Φ(x , y)g(y)ds(y),

and G : L̃2(D) −→ L̃2(ΓR) is the operator defined by

G(v) = w |ΓR ,

with w being the solution of (P).
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Link between N and Nξ

Consider g ∈ L̃2(ΓR). Fix ξ ∈ I , we denote by gξ := (Jg)(ξ, ·).

• The near field operator: N : L̃2(ΓR)→ L̃2(ΓR)

Ng(x) =

∫
ΓR

us(x , y)g(y)ds(y),

satisfies (P) with v = Sg .

• The ξ-quasi periodic near field operator: Nξ : L̃2
ξ(ΓR)→ L̃2

ξ(ΓR)

Nξgξ(x) :=

∫
ΓR0

gξ(y)us,pξ (x , y)ds(y) +

∫
ΓR0

gξ(y)J(ũsξ(·, y))(ξ0, x)ds(y),

satisfies (3.1) with vξ0 = Sξgξ.

• Link between N and Nξ:

Sg(x) =

∫
I
Sξgξdξ =⇒ Ng(x) =

∫
I
Nξgξdξ.
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Main Theorem
Introducing the functional Jα(φ, ·) : L̃2(ΓR) −→ R

Jα(φ; g) := αI (g) + ‖Ng − φ‖2, for all g ∈ L̃2(ΓR)

where

I (g) := sup
ξ0∈I

Iξ0 (Jg(ξ0, ·)).

We denote by jα(φ) = inf
g∈L̃2(ΓR )

Jα(φ; g). Let c(α) > 0 verifying c(α)
α
→ 0 as α→ 0

Theorem
Assume that (A1) holds and (IT2) is well posed. Assume in addition that the
hypothesis of Lemma 3 hold. Consider z ∈ ΩR , and let gα ∈ L̃2(ΓR) such that

Jα(Φ(·, z), gα(z)) ≤ jα(Φ(·, z)) + c(α),

then

z ∈ D ⇐⇒ lim
α→0

I (gα(z)) <∞.

L. Audibert and H. Haddar. A generalized formulation of the linear sampling method with exact

characterization of targets in terms of farfield measurements. Inverse Problems, (2014).
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Main goal: Identification of the perturbation without the knowledge of the periodic
background.

• np(·, x2) is 2π-periodic.

• np(·, x2) is also 4π-periodic.

• For M ∈ N s.t M ≥ 1, np(·, x2) is 2πM-periodic.
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Main goal: Identification of the perturbation without the knowledge of the periodic
background.

np(·, x2) is 2πM-periodic!

=⇒ We can Follow the same steps as previously (first objective) by taking a longer
period

ΩR
0 := [0, 2πM]× [0,R],

in order to reconstruct
ΩR

0 ∩ D := Dp,M
0 ∪ D̃.
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Reconstruction of the periodic background Dp,M
0

• Consider Φξ0 (·, z) the ξ0-quasi periodic Green function with period 2π.

• For z := (z1, z2) ∈ D̃: Φξ0 (·, z) is singular at point (z1 + 2π, z2).

• Let gα,Mξ0
such that

Jα,Mξ0
(Φξ0 (·, z), gα,Mξ0

(z)) ≤ jα,Mξ0
(Φξ0 (·, z)) + c(α),

with c(α) > 0 is such that c(α)
α
→ 0 as α→ 0, then

z ∈ Dp,M
0 ⇐⇒ lim

α→0
IMξ0 (gα,Mξ0

(z)) <∞.
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Consider gα ∈ L̃2(ΓR), gαξ0 ∈ L2
ξ0

(ΓR) and gα,Mξ0
∈ L2

ξ0,M
(ΓR) satisfying

Jα(Φ(·, z), gα(z)) ≤ jα(Φ(·, z)) + c(α),

Jαξ0 (Φξ0 (·, z), gαξ0 (z)) ≤ jαξ0 (Φξ0 (·, z)) + c(α),

Jα,Mξ0
(Φξ0 (·, z), gα,Mξ0

(z)) ≤ jα,Mξ0
(Φξ0 (·, z)) + c(α),

for c(α) > 0 verifying c(α)
α
→ 0 as α→ 0.

z ∈ Dp ∪ D̃ ⇐⇒ I (gα) <∞ as α→ 0

z ∈ Dp
0 ∪ D̃ ⇐⇒ Iξ0 (gαξ0 (z)) <∞ as α→ 0

z ∈ Dp,M
0 ⇐⇒ IMξ0 (gα,Mξ0

(z)) <∞ as α→ 0

=⇒ Indicator function to identify D̃

Iα(z) :=

I (gα)

1 +
I (gα)

IMξ0 (gα,Mξ0
− 1

M
gαξ0 )

−1

,

• For z /∈ Dp ∪ D̃, =⇒ lim
α→0

Iα(z) = 0

• For z ∈ Dp , IMξ0 (gα,Mξ0
(z)− 1

M
gαξ0 (z))→ 0 as α→ 0 =⇒ lim

α→0
Iα(z) = 0

• For z ∈ D̃, IMξ0 (gα,Mξ0
)→∞ as α→ 0 =⇒ 0 < lim

α→0
Iα(z) <∞
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Consider gα ∈ L̃2(ΓR), gαξ0 ∈ L2
ξ0

(ΓR) and gα,Mξ0
∈ L2

ξ0,M
(ΓR) satisfying

Jα(Φ(·, z), gα(z)) ≤ jα(Φ(·, z)) + c(α) as α→ 0,

Jαξ0 (Φξ0 (·, z), gαξ0 (z)) ≤ jαξ0 (Φξ0 (·, z)) + c(α) as α→ 0,

Jα,Mξ0
(Φξ0 (·, z), gα,Mξ0

(z)) ≤ jα,Mξ0
(Φξ0 (·, z)) + c(α) as α→ 0,

for c(α) > 0 verifying c(α)
α
→ 0 as α→ 0.

z ∈ Dp ∪ D̃ ⇐⇒ I (gα) <∞
z ∈ Dp

0 ∪ D̃ ⇐⇒ Iξ0 (gαξ0 (z)) <∞

z ∈ Dp,M
0 ⇐⇒ IMξ0 (gα,Mξ0

(z)) <∞

=⇒ Indicator function to identify D̃

Iα(z) :=

I (gα)

1 +
I (gα)

IMξ0 (gα,Mξ0
− 1

M
gαξ0 )

−1

,

=⇒
(
z ∈ D̃

)
⇐⇒

(
0 < lim

α→0
Iα(z) <∞

)
.
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• Parameters: M = 4 k ' 3.5 and R ' 7.

• 1% added multiplicative random noise.
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Figure: : Reconstruction of the full domain
(periodic background and the perturbation)

Figure: Reconstruction of the periodic
domain
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Figure: Reconstruction of the periodic
domain
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Conclusion

Conclusion:
• We studied the inverse scattering problem for the identification of the defects in a

periodic background:
• without assuming the knowledge of the periodic background.
• without assuming that the defect is also periodic.

Perspective:
• Remove the assumption that {Im(np) > 0} is not empty and contains an open

subset.

• Treating the case where D̃ ∩ Dp 6= ∅.
• Extension to Maxwell’s equations...
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Thank you for your attention !
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